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Abstract

We study visibly pushdown automata (VPA) models for
expressing and evaluating queries, expressed using MSO
formulas, on words with a nesting structure (like XML docu-
ments). We define a query VPA model, which is a 2-way de-
terministic VPA that can mark positions in a document, and
show that it is equiexpressive as unary monadic queries.
This surprising result parallels a classic result for queries
on regular word languages. We also compare our model to
query models on unranked trees.

We then consider the algorithmic problem of evaluating,
in one pass, the set of all positions satisfying a query in a
streaming nested word. We present an algorithm that an-
swers any fixed unary monadic query on a streaming docu-
ment which uses, at any point, at most space O(d+I log n),
where d is the depth of the document at that point and I is
the number of potential answers to the query in the word
processed thus far. This algorithm uses space close to the
minimal space any streaming algorithm would need, and
generalizes to answering n-ary queries.

1 Introduction

The general purpose markup language XML (eXtensi-
ble Markup Language) represents hierarchically structured
data, and has become the standard for data exchange, partic-
ularly on the web [27, 1]. An XML document is a text-based
linear encoding of tree-structured data. Markups in the text
in terms of open- and close-tags are used to create a brack-
eting structure on the document, and captures the hierarchy
of information in the tree. For example, an XML text of the
form:

<movie>  My neighbor Totoro <director> Hayao Miyazaki </director>  </movie>

encodes a movie title and its director tag is a child
node of the movie-tag (since it lies within the
<movie>...</movie> fragment), indicating that
Miyazaki is the director of this particular movie. The XML

document is hence better viewed as a linear structure with
a nesting relation:

<movie>  My neighbor Totoro <director> Hayao Miyazaki </director>  </movie>

The study of XML has naturally concentrated on its
tree representation; for example, document types are rep-
resented using the parse-trees generated by SDTDs, XML
query languages like XPath have modalities like “parent”
and “child” that refer to the tree edges, and tree automata
(over unranked trees) have been used to model and solve
decision problems for XML [26, 21, 13, 14, 19].

Nested word automata are a recent invention, and is
an automaton that works directly on a linearly structured
document with nesting relations as described above [2, 3].
Nested word automata were discovered in the context of for-
mal verification for software, where program executions are
viewed as nested words, where the nesting relation relates
calls to procedures with corresponding returns.

The nested word automaton model works left to right on
an XML document, much like a finite automaton on words,
but the automaton at a close-tag is allowed to change state
by looking at the previous state as well as the state at the
open-tag associated with the close-tag. One way to imple-
ment a nested word automaton on a word is by allowing an
automaton access to a stack: the automaton is allowed to
store its state at an open-tag and recover the state at the cor-
responding close-tag. This leads to the definition of visibly
pushdown automata for XML: a pushdown automaton that
pushes onto the stack at open-tags and pops from the stack
on close-tags. The class of languages accepted by nested
word automata is exactly the same as that accepted by visi-
bly pushdown automata, and we call this the class of visibly
pushdown languages.

The visibly pushdown automaton model is an appealing
formalism for studying and building algorithms for XML.
In earlier work [18], we have shown that document type
definitions are captured by special classes of visibly push-
down automata, and have used this characterization to build
streaming algorithms for type-checking and pre-order (and
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post-order) typing XML documents. Visibly pushdown au-
tomata are particularly effective in building streaming al-
gorithms, as the model naturally captures reading a nested
word left-to-right in a streaming fashion, unlike standard
tree-automata models that work on the tree represented by
an XML document.

In this paper, we study the power of visibly pushdown
automaton in expressing and answering queries on XML
documents. Our first contribution is an automaton model for
defining queries, called query visibly pushdown automata
(query VPA). A query VPA is a two-way visibly pushdown
automaton that can mark positions of a document. When
moving right, a query VPA pushes onto the stack when
reading open-tags and pops from the stack reading close-
tags, like a visibly pushdown automaton. However, when
moving left it does the opposite: it pushes onto the stack
reading close-tags and pops from the stack reading open-
tags. Hence it preserves the invariant that the height of the
stack when at a particular position in the document is pre-
cisely the number of unmatched calls before that position
(which is the number of unmatched returns after that posi-
tion).

We show that query VPAs have the right expressive
power for defining queries by showing that a query is ex-
pressible as a unary formula in monadic second-order logic
(MSO) if and only if it is implemented by a query VPA.
Unary MSO queries form perhaps the largest class of log-
ical queries one can hope to answer by automatic means,
and obviously include practical query languages such as
XPath. We find it remarkable that the simple definition of
two-way VPAs exactly captures all monadic queries. This
result parallels a classic result in the theory of automata on
finite words, which equates the power of unary monadic
queries on (nonnested) words to that of two-way automata
on words [10, 22].

While query VPAs are a simple clean model for express-
ing queries, they do not help answering queries efficiently.
They in fact represent one extreme end of the space-time-
streaming spectrum: they do not process streaming doc-
uments and they are not time-efficient as they reread the
document several times, but are incredibly space-efficient,
utilizing only space O(d), where d is the depth of the docu-
ment (with no dependence at all on the length of the docu-
ment!).

We then turn to streaming algorithms and present our
second main result: a streaming algorithm that answers any
unary monadic query and has efficient time and space data
complexity. As far as we know, this is the first time it has
been shown that any unary MSO query can be efficiently
evaluated on streaming XML.

The algorithm, for any fixed unary monadic query, reads
the document in a streaming fashion, and outputs the set of
all positions that satisfy the query. Note that this is different

from the filtering problem that outputs just whether there
is some position that satisfies the query, which is easy to
implement using space O(d), where d is the depth of the
document.

When a streaming querying algorithm has read a prefix
u of an input document, several positions in u may partially
satisfy the query requirement. These potential answers to
the query have to be stored as the rest of the document will
determine whether these are valid answers to a query. Con-
sequently, we cannot hope for a streaming algorithm that
takes constant space (or space O(d)). However, a position
that has already satisfied the query requirements can be im-
mediately output (to an output tape) and need not be kept
in main memory. Formally, let us call a position i ≤ |u| an
interesting position if there is some extension v of u such
that i is an answer to the query on uv, but there is another
extension v′ of u such that i is not an answer to the query
on uv′. Summarizing the above argument, a streaming al-
gorithm must keep track of all the interesting positions at
u, which would take space (without resort to compression)
O(I. log n), where I is the number of interesting positions
at u and n = |u|.

The streaming algorithm we present uses only the space
argued above as being necessary: after reading u, it uses
space O(d + I. log n) for any fixed query (accounting for
I pointers into the document), where d is the depth of the
document. The algorithm is based on a simulation of a vis-
ibly pushdown automaton representing the query on an in-
put document, with care taken to prune away positions that
become uninteresting. The notion of basing the space com-
plexity of the algorithm on the set of interesting positions
is the algorithmic analog of the right congruence for finite
automata on words (Myhill-Nerode theorem). We believe
that this is an interesting criterion of complexity for stream-
ing query processors, rather than the simplistic linear de-
pendence on the entire length of the document commonly
reported (eg. [8]).

The query complexity of our algorithm is of course non-
elementary for queries expressed in MSO, and is not a fair
appraisal of the algorithm. However, if the query is repre-
sented by a non-deterministic visibly pushdown automaton
with m states, we show the query complexity to be poly-
nomial in m. More precisely, the algorithm after reading
u uses space O(m4. log m.d + m4.I. log n) where d is the
depth of the document at the point u, n = |u|, and I is the
set of interesting positions at u.

We believe that the streaming algorithm we present here
is a very efficient algorithm that holds promise in being use-
ful in practice. Several other schemes of answering XPath
queries on streaming XML documents also use some of
the aspects of our algorithm: they store partially matched
XPath patterns succinctly using a stack, The states of the
VPA accepting the query forms the natural analog of par-
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tial matches in our context, and generalizes tree-patterns to
general MSO queries.

The paper is structured as follows. We define XML doc-
uments, queries and monadic queries, visibly pushdown au-
tomata, and known connections between logic and automata
in Section 2. Section 3 presents the query VPA model and
shows that unary monadic queries are exactly as powerful
as query VPAs. Section 4 presents the streaming algorithm
for answering unary queries, first by building a filtering au-
tomaton to answer the query emptiness problem, and later
using a careful simulation of this automaton to yield an ef-
ficient query processor. Section 5 concludes with some ob-
servations and future directions.

Related Work:

Theoretical query models for XML have been studied us-
ing tree models. The most closely related work to our re-
sult on query VPAs is that of the query automaton model
on unranked trees [22]. Query automata (more precisely,
S2DTAu) on unranked trees select positions in a tree and is
exactly as powerful as unary monadic queries on trees [22]
(which is the same as that on nested words). This model
works like a two-way tree automaton on unranked trees, has
parallel copies of automata that go up and down the tree,
with automata processing children of a node synchronizing
when going up to their parent. However, they are complex
due to a special class of transitions (called stay transitions)
that rewrite using regular relations the states labeling the
children of a node. Further, there is a semantic restriction
that requires that that the children of any node be processed
by a stay transition at most once.

We believe that query VPA are significantly simpler and
a different model than S2DTAu, and, as we show in Ap-
pendix D, it is not easy to convert between the two models
(in either direction). Note that we do not have any seman-
tic restriction of the kind imposed on stay transitions in our
setting, and this actually seems an important difference be-
tween the two models.

In [12], selecting tree-automata are defined, which are
simpler than query automata and can return positions that
satisfy any MSO query. However, these automata are non-
deterministic in nature, and thus fundamentally different
from our model.

Several streaming query engines have been proposed for
evaluating queries written in XPath, an XML standard for
querying. Most query engines however do not handle the
whole of XPath, but are instead fine-tuned to efficiently han-
dle practically useful fragments. XSQ [24], SPEX [23] and
XSM [19] evaluate XPath queries efficiently using push-
down transducers that are hierarchically arranged and have
access to a buffer. XSM does not support certain axes of
traversals, while SPEX and XSQ process XPath expres-

sions where predicates are restricted in that they cannot con-
tain axes traversals. Twigm [8] evaluates XPath queries re-
stricted to child and descendent axes, and uses stacks to
efficiently store patterns, achieving polynomial time and
space data and query complexities. See also the XPath pro-
cessors XAOS [6], the stream processor in [15], and the
BEA/XQRL processors [11] that handle more aspects of
XPath/XQuery. The logical core of XPath is contained in
the first order logic over nested words, and hence the re-
sults in this paper present querying algorithms for a much
powerful class of queries; however our algorithm is mainly
optimized to have efficient data complexity.

Papers closely related to our work are [4, 5, 25]. These
papers provide streaming algorithms for querying XML
with close to optimal space for fragments of XPATH.
Our results generalize these algorithms for the class of all
queries expressed in MSO. In [7], the authors consider ef-
ficient algorithms that answer any regular query early on
streaming XML. In [20], evaluation of queries that select
positions based on properties of the document that occur be-
fore the position are considered, and can be solved in solved
in space O(d).

2 Preliminaries

XML documents will be modeled as words over an al-
phabet where a single letter of the alphabet encodes an
open/close tag. We ignore the actual data contained in the
document in this exposition, but all results extend to the set-
ting where the textual data contained between tags is taken
into account.

Let Σ be a fixed finite alphabet of “open tags”, and let
Σ = {c | c ∈ Σ} be the corresponding alphabet of “close
tags”. Let Σ̂ = Σ ∪ Σ. A well-matched word is any word
generated by the grammar: W → cWc, W → WW , W →
ε, where we have a rule W → cWc for every c ∈ Σ. The
set of all well-matched words over Σ̂ will be denoted by
WM (Σ̂). An XML document is a well-matched word over
Σ.

Nested words, monadic second-order logic

a c c a a a c cc c

A well-matched word w ∈ WM (Σ̂) can be seen as a
nested structure: a linear labeled structure with nesting
edges. For example, the structure corresponding to the
word cacc̄aāācc̄c̄ is shown on the right. The linear skeleton
(denoted by solid edges) encodes the word and the nest-
ing edges (denoted by dotted edges) relate open-tags with
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their matching close-tags. We skip the formal definition,
but denote the nested structure associated with a word w as
nw(w) = ({1, . . . , |w|}, {Qa}a∈Σ̂,≤, ν), where the uni-
verse is the set of positions in w, each Qa is a unary pred-
icate that is true at the positions labeled a, the ≤ relation
encodes the linear order of the word, and ν is a binary rela-
tion encoding the nesting edges.

Monadic second-order logic (MSOν) over nested struc-
tures is defined in the standard manner, with interpreted re-
lations ≤ and ν: Formally, fix a countable set of first-order
variables FV and a countable set of monadic second-order
(set) variables SV . Then the syntax of MSO formulas over
Σ̂ labeled nested structures is defined as:

ϕ ::= x ∈ X | Qi(x) | x ≤ y | ν(x, y) | ϕ ∨ ϕ | ¬ϕ |
∃x(ϕ) | ∃X(ϕ)
where x, y ∈ FV, X ∈ SV.

Automata on nested words

There are two definitions of automata on nested words
which are roughly equivalent: nested word automata and
visibly pushdown automata. In this paper, we prefer the lat-
ter formalism. Intuitively, a visibly pushdown automaton is
a pushdown automaton that reads a nested word left to right,
and pushes a symbol onto the stack when reading open-tags
and pops a symbol from the stack when reading a closed
tag. Note that a symbol pushed at an open tag is popped at
the matching closed tag. Formally,

Definition 1 (VPA). A visibly pushdown automaton (VPA)
over (Σ, Σ) is a tuple A = (Q, q0, Γ, δ, F ), where Q is a
finite set of states, q0 ∈ Q is the initial state, F ⊆ Q is
the set of final states, Γ is a finite stack alphabet, and δ =
〈δopen , δclose〉 is the transition relation, where:

• δopen ⊆ ((Q× Σ)× (Q× Γ));

• δclose ⊆ ((Q× Σ× Γ)×Q).

A transition (q, a, q′, γ) ∈ δopen (denoted q
c/γ−−→ q′) is

a push-transition, where the automaton reading c changes
state from q to q′, pushing γ onto the stack. Similarly,

a transition (q, a, γ, q′) (denoted q
c/γ−−→ q′) is a pop-

transition, allowing the automaton, when in state q reading
c with γ on the top of the stack, to pop γ off the stack and
change state to q′. A configuration of a VPA A is a pair
(q, s) ∈ Q×Γ∗. If a ∈ Σ̂, we say that (q1, s1)

a−→A (q2, s2)
if one of the following conditions are true:

• a = c ∈ Σ, s2 = γ.s1 and (q1, c, q2, γ) ∈ δopen , or

• a = c ∈ Σ, s1 = γ.s2 and (q1, c, γ, q2) ∈ δclose .

Note that the height of the stack after reading a prefix
u of a well-matched word w is precisely the number of
unmatched calls in u. We extend the definition of a−→A to
words over Σ̂∗ in the natural manner. The language L(A)
accepted by VPA A is the set of words w ∈ Σ̂∗ such that
(q0, ε)

w−→A (q, ε) for some q ∈ QF . One important ob-
servation about VPAs, made in [2], is that deterministic
VPAs are as expressive as non-deterministic VPAs (defined
above). Finally, a language L of well-matched words is
called a visibly pushdown language (VPL) if there some
VPA A such that L = L(A).

Monadic queries and automata

A (unary) query is a function f : WM (Σ̂) → 2N such
that for every w ∈ WM (Σ̂), f(w) ⊆ [|w|]. In other words,
a query is a function that maps any well-matched word to a
set of positions in the word.

A unary monadic query is a formula ϕ(x0) in MSOν

that has precisely one free variable, the first-order variable
x0. Such a formula defines a query fϕ: for any word w,
fϕ(w) is the set of positions i such that the nested structure
corresponding to w satisfies ϕ(x0) when x0 is interpreted
to be the i’th position. We will say query f is express-
ible in MSOν if there is a unary monadic query ϕ(x0) such
that f = fϕ. We will consider unary monadic queries as
the standard way to specify queries on XML documents in
this paper (note that core fragments of query languages like
XPath are expressible as unary monadic queries).

Any query f over Σ̂-labeled nested structures can be en-
coded as a language of well-matched words over a modi-
fied alphabet. If Σ̂ = (Σ, Σ), then let Σ̂′ = (Σ′, Σ′) where
Σ′ = Σ ∪ (Σ × {∗}). A starred-word is a well-matched
word of the form u(a, ∗)v where u, v ∈ Σ̂∗, i.e. it is a well
matched over Σ̂ where precisely one letter has been anno-
tated with a ∗.

A query f then corresponds to a set of starred-
words: L∗(f) = {a1a2 . . . ai−1(ai, ∗)ai+1 . . . an | i ∈
f(a1 . . . ai−1aiai+1 . . . an) and each aj ∈ Σ̂}. Intuitively,
L∗(f) contains the set of all words w where a single posi-
tion of w is marked with a ∗, and this position is an answer
to the query f on w. We refer to L∗(f) as the starred-
language of f . It is easy to see that the above is a 1-1 cor-
respondence between unary queries and starred-languages.

From results on visibly pushdown automata, in particular
the equivalence of MSOν formulas and visibly pushdown
automata [2], the following lemma follows:

Theorem 1. A query f is expressible in MSOν iff L∗(f) is
a visibly pushdown language.

Hence we can view unary monadic queries as simply vis-
ibly pushdown starred-languages, which will help in many
proofs in this paper.
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We can now state the main results of this paper:

• We define the automaton model for of query VPA for
querying XML documents, which is a two-way visi-
bly pushdown automaton that answers unary queries
by marking positions in an input word. We show that a
unary query is expressible in MSOν iff it is computed
by some query VPA.

• For any unary monadic query, we show there is an al-
gorithm that works in one pass on a streaming XML
document, and outputs the set of positions that form
answers to the query. This algorithm works by simu-
lating a visibly pushdown automaton and keeps track
of pointers into the streaming document. We show that
the space complexity of the algorithm is optimal.

3 Query VPA

The goal of this section is to define an automaton model
for querying XML documents called a query VPA. A query
VPA is a pushdown automaton that can move both left and
right over the input string and store information in a stack.
The crucial property that ensures tractability of this model
is that the stack height of such a machine is pre-determined
at any position in the word. More precisely, any query VPA
P working over a well-matched input w has the property
that, for any partition of w into two strings u and v (i.e.,
w = uv), the stack height of P at the interface of u and v is
the same as the number of unmatched open-tags in u (which
is the same as the number of unmatched close-tag in v). In
order to ensure this invariant, we define the two-way VPA as
one that pushes on open-tags and pops on close-tags while
moving right, but pushes on close-tags and pops on open-
tags while moving left. Finally, in addition to the ability
to move both left and right over the input, the query VPA
can mark some positions by entering special marking states;
intuitively, the positions in a word that are marked will be
answers to the unary query that the automaton computes.

We will now define query VPA formally. We will assume
that there is a left-end-marker B and a right-end-marker C
for the input to ensure that the automaton doesn’t fall off its
ends; clearly, B, C 6∈ Σ̂.

Definition 2 (Query VPA). A query VPA (QVPA) over
(Σ, Σ) is a tuple P = (Q, q0, Γ, δ,Q∗, S, C), where Q is
a finite set of states, q0 ∈ Q is the initial state, Q∗ ⊆ Q is a
set of marking states, Γ is a finite stack alphabet, (S,C) is
a partition of Q × Σ̂, and δ = 〈δopen , δclose , δchng〉 is the
transition relation, where:

• δopen
right : S ∩ (Q× Σ) → (Q× Γ)

• δopen
left : (S ∩ (Q× Σ))× Γ → Q

• δclose
right : (S ∩ (Q× Σ))× Γ) → Q

• δclose
left : S ∩ (Q× Σ) → (Q× Γ)

• δchng : C ∪ (Q× {B, C}) → Q

The δopen
right and δclose

left functions encode push-transitions
of the automaton reading an open-tag and moving right,
and reading a close-tag and moving left, respectively. The
δopen
left and δclose

right functions encode pop-transitions when the
automaton reads an open-tag and moves left, and reads a
close-tag and moves right, respectively. On the other hand,
the δchng function encodes transitions where the automa-
ton changes the direction of its head movement. Observe
that we force the automaton to change direction whenever
it reads either B or C. Note that the query VPA has no
final states. Finally, the definition above describes a deter-
ministic model, which we will focus on in this paper. The
non-deterministic version of the above automaton can also
be defined, but they do not increase the expressive power.

We will now define the execution of a query VPA on a
word x = BwC. A configuration of the query VPA is a
tuple 〈p, d, q, s〉, where p ∈ [|x|] is the position in the input
currently being scanned, d ∈ {left , right} is the direction
in which the head moving currently, q ∈ Q is the current
state, and s ∈ Γ∗ is the current stack contents. The initial
configuration is 〈1, right , q0, ε〉, i.e., initially the automaton
is reading the leftmost symbol of w (not B), it is moving
right, in the initial state, with an empty stack. A run is a
sequence c0, c1, . . . cn, where c0 is the initial, and for each
i, if ci = 〈pi, di, qi, si〉 and ci+1 = 〈pi+1, di+1, qi+1, si+1〉,
then one of the following holds

• If (qi, x[pi]) ∈ S ∩ (Q × Σ), and di = right then
di+1 = di, pi+1 = pi + 1, qi+1 = q and si+1 = γsi,
where δopen

right(qi, x[pi]) = (q, γ)

• If (qi, x[pi]) ∈ S ∩ (Q × Σ), and di = right then
di+1 = di, pi+1 = pi + 1, qi+1 = q and si = γsi+1,
where δclose

right (qi, x[pi], γ) = q

• If (qi, x[pi]) ∈ S∩(Q×Σ), and di = left then di+1 =
di, pi+1 = pi − 1, qi+1 = q and si = γsi+1, where
δopen
right(qi, x[pi], γ) = q

• If (qi, x[pi]) ∈ S∩(Q×Σ), and di = left then di+1 =
di, pi+1 = pi − 1, qi+1 = q and si+1 = γsi, where
δclose
right (qi, x[pi]) = (q, γ)

• If (qi, x[pi]) ∈ C then si = si+1, and qi+1 =
δchng(qi, x[pi]). To define the new position and direc-
tion, there are two cases to consider. If di = right then
di+1 = left and pi+1 = pi − 1. On the other hand, if
di = left then di+1 = right and pi+1 = pi + 1.
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Observe that the way the run is defined, the stack height
in any configuration is determined by the word w. More
precisely, in any configuration c = 〈p, d, q, s〉 of the run
with p ∈ {1, . . . |w|}, if d = right then |s| is equal to the
number of unmatched open-tags in the word x[1] · · ·x[p−1]
(which is the same as the number of unmatched close-tags
in x[p] · · ·x[|w|]). On the other hand, if d = left then |s|
is equal to the number of unmatched open-tags in the word
x[1] · · ·x[p]. When scanning the left-end-marker (p = 0)
or the right-end-marker (p = |x| − 1), the stack height is
always 0.

Finally, the query VPA P is said to mark a position j in a
well-matched word w, where 1 ≤ j ≤ |w|, if there is some
run c0 . . . cn of P on the input BwC such that for some i,
ci = (j, d, q, s) where q ∈ Q∗. The query implemented by
the query VPA P is the function fP , where fP (w) is the set
of all positions marked by P when executed on BwC.

We now prove the main theorem of this section: the set
of queries implemented by query VPA is precisely the set
of unary monadic queries.

Theorem 2. A query f is expressible in MSOν if and only if
there is query VPA P such that fP = f .

Proof.
Translating monadic queries to query VPA:

Let f be a monadic unary query. From Theorem 1,
we know that there is a deterministic VPA A such that
L∗(f) = L(A). This suggests a very simple algorithm that
will mark all the answers to query f by repeatedly simulat-
ing A on the document w. First the algorithm will simulate
the VPA A on the word w, assuming that the starred po-
sition is the rightmost symbol of w; the algorithm marks
position |w| − 1 of w only if A accepts. Then the algorithm
simulates A assuming that the starred position is |w| − 2,
and so on, each time marking a position if the run of A
on the appropriate starred word is accepting. A naı̈ve im-
plementation of this algorithm will require maintaining the
starred position, as well as the current position in the word
that the simulation of A is reading, and the ability to update
these things. It is unclear how this additional information
can be maintained by a query VPA that is constrained to
update its stack according to whether it is reading an open-
tag or a close-tag. The crux of the proof of this direction is
demonstrating that this can indeed be accomplished. While
we draw on ideas used in a similar proof for queries on reg-
ular word languages (see [22] for a recent exposition), the
construction is more involved due to the presence of a stack.

Before giving more details about the construction, we
will give two technical constructions involving VPAs. First
given any VPA B = (Q, q0,Γ, δ, F ) there is a VPA B′ with
a canonical stack alphabet that recognizes the same lan-
guage; the VPA B′ = (Q, q0, Q × Σ, δ′, F ) which pushes

(q, c) whenever it reads an open-tag c in state q. Details
of this construction can be found in [2]. Next, given any
VPA B = (Q, q0, Γ, δ, F ), there is a VPA Bpop recog-
nizing the same language, which remembers the symbol
last popped since the last unmatched open-tag in its con-
trol state. We can construct this: Bpop = (Q × (Γ ∪
{⊥}), (q0,⊥),Γ, δ′, F × (Γ ∪ {⊥})), where the new tran-

sitions are as follows. If q
c/γ1−−−→B q′ then (q, γ)

c/γ1−−−→Bpop

(q′,⊥). If q
c/γ1−−−→B q′ then (q, γ)

c/γ1−−−→ (q′, γ1).
For the rest of this proof, let us fix A to be the deter-

ministic VPA with a canonical stack alphabet recognizing
L∗(f), and Apop to be the (deterministic) version of A that
remembers the last popped symbol in the control state. We
will now describe the query VPA P for f . Let us fix the
input to be BwC, where w = a1a2 · · · an.

P will proceed by checking for each i, i starting from
n and decremented in each phase till it becomes 1, whether
position i is an answer to the query. To do this, it must check
if A accepts the starred word where the star is in position i.
P will achieve this by maintaining an invariant, which we
describe below.

The Invariant. Let w = a1 . . . an, and consider a posi-
tion i in w. Let w = uaiv where u = a1 . . . ai−1 and
v = ai+1 . . . an.

Recall that the suffix from position i + 1, v, can be
uniquely written as wkckwk−1ck−1 · · ·w1c1w0, where for
each j, wj is a well-matched word, and ck, . . . c1 are the
unmatched close-tags in v.

In phase i, the query VPA will navigate to position i with
stack σ such that (a) its control has information of a pair
(q, γ) such that this state with stack σ is the configuration
reached by Apop on reading the prefix u, and (b) its control
has the set B of states of A that is the precise set of states q′

such that A accepts v from the configuration (q′, σ). Hence
the automaton has a summary of the way A would have pro-
cessed the unstarred prefix up to (but not including) position
i and a summary of how the unstarred suffix from position
i + 1 would be processed. Under these circumstances, the
query VPA can very easily decide whether position i is an
answer to the query — if A on reading (ai, ∗) can go from
state q to some state in B, then position i must be marked.

Technically, in order to ensure that this invariant can be
maintained, the query VPA needs to maintain more infor-
mation: a set of pairs of states of A, S, that summarizes how
A would behave on the first well-matched word in v (i.e.
wk), a stack symbol StackSym that accounts for the differ-
ence in stack heights, and several components of these in
the stack to maintain the computation. We skip these tech-
nical details here; the Appendix has a formal description of
the invariant and the mechanism to maintain it.
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Marking position i. If ai ∈ Σ then the query VPA P will

mark position i iff q
(ai,∗)/(q,(ai,∗))−−−−−−−−−−→A q′ where q′ ∈ B.

Similarly, if ai ∈ Σ then P marks i iff q
(ai,∗)/γ′−−−−−−→A q′ with

q′ ∈ B.

Maintaining the Invariant. Initially the query VPA P
will simulate the VPA Apop on the word w from left to right.
Doing this will allow it to obtain the invariant for position
n. So what is left is to describe how the invariant for po-
sition i − 1 can be obtained from the invariant for position
i. Determining the components of the invariant, except for
the new control state of Apop , are easy and follow from the
definitions; the details are deferred to the appendix. Com-
puting the new state of Apop at position i− 1 is interesting,
and we describe this below.

Determining the state of Apop . Recall that we know the
state of Apop after reading a1 · · · ai−1, which is (q, γ). We
need to compute the state (q′, γ′) of Apop after reading
a1 · · · ai−2. The general idea is as follows. The query
VPA P will simulate Apop backwards on symbol ai−1, i.e.,
it will compute Prev = {p | p

ai−1−−−→Apop (q, γ). If
|Prev | = 1 then we are done. On the other hand, suppose
|Prev | = k > 1. In this case, P will continue simulating
Apop backwards on symbols ai−2, ai−3 and so on, while
maintaining for each state p ∈ Prev the set of states of
Apop that reach p. If at some position j the sets associated
with all states p ∈ Prev become empty except one, or j = 1
(we reach the beginning of the word), then we know which
state p ∈ Prev is state of Apop after reading a1 · · · ai−2 —
it is either the unique state whose set is non-empty or it is
state whose set includes the initial state. However P now
needs to get back to position i − 1. This is done by ob-
serving the following. We know at position j + 1 at least 2
different threads of the backward simulation are still alive.
Position i − 1 is the unique position where these 2 threads
converge if we now simulate Apop forwards. The idea just
outlined works for queries on regular word languages, but
does not work for query VPA due to one problem. If we
go too far back in the backwards simulation (like the begin-
ning of the word), we will lose all the information stored
in the stack. Therefore, we must ensure that the backward
simulation does not result in the stack height being lower
than what it is supposed after reading a1 · · · ai−2. To do
this we use the special properties of the VPA Apop . Ob-
serve that if we go backwards on an unmatched open-tag
(in a1 · · · ai−1), the state of the VPA A at the time the open-
tag was read is on the stack. Thus, the state of Apop after
reading the open-tag is uniquely known. Next if ai−1 ∈ Σ
is a matched close-tag, then since we keep track of the last
symbol popped after reading ai−1, we know the symbol that
was popped when ai−1 was read, which allows us to know

the state of A, when it read the open-tag that matches ai−1.
These two observations ensure that we never pop symbols
out of the stack. The details are as follows.

ai−1 ∈ Σ: Simulate backwards until (in the worst case)
the rightmost unmatched open-tag symbol in the word
a1 . . . ai−2, and then simulate forward to determine the
state (q′, γ′) as described above.

ai−1 ∈ Σ: γ is symbol that is popped by Apop when it
reads ai−1. So γ encodes the state of A when the
matching open-tag aj to ai−1 was read. So simulate
backwards until aj is encountered and then simulate
forwards.

This completes the description of the query VPA.

Translating query VPA to monadic queries:

We now show the converse direction: For any query VPA
A, there is an MSOν formula ϕ(x) that defines the same
query that A does.

Let A be a query VPA. We translate the query A de-
fines into an MSOν formula by translation through sev-
eral intermediate stages: (a) we first construct a two-way
(non-marking) VPA that accepts the starred-language of the
query, (b) using a standard mapping of nested words into
binary trees called stack trees [2], we build a pushdown
tree walking automaton that accepts the trees correspond-
ing to the starred language of the query, (c) using the fact
that tree-walking pushdown automata define precisely reg-
ular tree languages [16], which are equivalent to MSO on
trees, we build a unary MSO formula on trees that captures
the query, and finally we translate this MSO formula on
trees to a unary MSOν formula on nested words. Due to
interests of space we delegate further details of this proof to
the Appendix.

4 An algorithm for querying streaming XML

In this section, we exhibit an efficient algorithm for an-
swering any unary monadic query on streaming XML doc-
uments. A streaming algorithm processing XML is one
which reads a document, left to right, letter-by-letter, and
cannot look back at any part of its input (unless it stores it),
and must output the positions of a document that satisfy the
query.

Our optimized streaming algorithm will be presented in
stages to clearly outline its development. First we will con-
sider the problem of filtering XML documents. The prob-
lem of filtering requires one to determine if there is some
position in a streaming XML document that satisfies a unary
monadic query. Note that in filtering, we do not insist
that the automaton report which exact position(s) satisfy the
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query. We will build a deterministic VPA to solve the filter-
ing problem. Next we will present a (unoptimized) querying
algorithm based on the deterministic VPA for filtering. Fi-
nally we will outline improvements that optimize the space
requirements of the streaming algorithm.

4.1 Filtering

A monadic query ϕ(x0) implementing a query f can be
translated to a visibly pushdown language of starred words
L∗(f) (see Theorem 1 above). Let Af be a VPA that accepts
L∗(f). In fact, let us assume that Af accepts all prefixes u
in L∗(f) such that every extension of u to a well-matched
word is in L∗(f). The filtering automaton we want to build
must accept the set of words w ∈ WM (Σ̂) such that there
is some way to annotate one letter of w with a ∗ so that the
resulting starred word is accepted by Af .

The deterministic automaton we build will hence keep
track of various runs of Af for each possibly annotation
of w with a ∗. Intuitively, this is easy: we build a non-
deterministic VPA that guesses a position of w to be anno-
tated with a ∗, and simulate the VPA Af on this annotated
word. We however go through the details of the construc-
tion of this deterministic VPA as it will be the basis of our
algorithm.

Lemma 1. Let ϕ(x0) be a unary monadic query defining
a query f . Then we can effectively compute a deterministic
VPA that accepts the language of words w such that f(w) 6=
∅.

Proof. Our construction heavily depends on the deter-
minization construction for VPAs [2] (we encourage the
reader to see that construction in order to understand the
more intricate construction below.)

First, we construct Af , a nondeterministic VPA accept-
ing L∗(f). Without loss of generality we assume that Af

keeps track in its state whether it has seen a ∗-ed letter or
not, and if it has seen, it will have no move on a ∗-ed let-
ter (if Af does not have this form, it can be transformed,
at most doubling the number of states, to gain this form).
Thus, let Af = (Q ∪ P, q0,Γ, δ, F ), where the states have
been partitioned into sets Q and P — Q is the set of states
that encode the fact that a ∗-ed letter has not been seen,
and P is the set of states reached if a ∗-ed letter has been
read. Thus, q0 ∈ Q and F ⊆ P . In what follows, we
will adopt the notation convention to refer to states in Q by
q, q′, q1, . . ., the states in P by p, p′, p1 . . ., and the states in
Q ∪ P by r, r′, r1, . . ..

The idea behind the deterministic construction is as
follows. Recall that any string u that is a prefix
of a well-matched word w can be uniquely written as
w0c1w1c2 · · · ckwk, where c1, . . . ck are the unmatched
open-tags in u and wis are well-matched words; thus, the

stack after reading u will have height k. Any execution of
the non-deterministic VPA Af on u will look like

q0
w0−−→ r1

c1/γ1−−−→ r2
w1−−→ r3

c2/γ2−−−→ · · · wk−−→ r2k+1

Hence, the deterministic simulation keeps track of sets
of possible summaries. A summary is a pair of states
(r, r′) such that Af goes from r to r′ on reading a well-
matched word. Thus, a summary (r, r′) captures all non-
deterministic runs that start at r (after the last unmatched
open-tag) and end in r′.

For the machine Af there 4 kinds of relevant summaries:
(q, q′)-summary that correspond to never having seen a ∗,
(q, p)-summary that correspond to having seen a ∗ in the
current level, (p, p′)-summary that correspond to having
seen a ∗ at some previous level, and (p, p′)-summary that
correspond to having seen a ∗ at the last unmatched open-
tag. In the last case, (when we see a ∗ at the last unmatched
open-tag) we will denote by (p, p′, ∗). The deterministic
machine Bf = (S, s0, S × Σ, δ′, F ′) will track all possible
summaries.

We defer the formal definition of the construction to the
Appendix.

We augment the above automaton so that it accepts only
when the stack is empty Since the set of final states is the set
of states that have some summary that takes the automaton
from the initial state to a final state, it follows that Bf ac-
cepts L∗(f). Note that Bf is deterministic and has at most
O(2n2

) states, where n is the number of states in Af .

4.2 Querying Algorithm

Our first streaming algorithm simply simulates the ma-
chine Bf , constructed in Lemma 1, on the document
and at the same time keeps track of ∗-ed positions. In
more detail, the algorithm will associate with every (q, p)-
summary (and (p, p′, ∗)-summary) the set positions(q, p)
(or positions(p, p′, ∗)) of positions x since the last un-
matched open-tag (or the position of the last unmatched
open-tag), such that the word with ∗ at position x has the
summary (q, p) (or (p, p′, ∗)). This set of positions will
be updated as the summaries are updated. The answers
to a query will be all the positions associated with sum-
maries of the form (q0, p) where p is a final state of Af .
The detailed algorithm is shown in Figure 1 (ignore the line
“prune(Stack )” for now). Notice that this algorithm does
not explicitly construct the machine Bf . Hence its space
requirement is not exponential in Af . The total space used
is O(m2 · d · log m + m2 · n · log n), where m is the size of
Af , d is the depth of the document being read, and n is the
length of the document. The space analysis is as follows.
The stack has height d, with m2 summaries in each level
taking space O(m2 · d · log m) space. Each ∗-ed position

8



appears only in summaries corresponding to its level. More-
over, there can be at most n positions, each taking log n bits,
giving as an additional space of O(m2 · n · log n). Process-
ing each symbol only take O(m2) time, giving us a total
running time of O(m2 · n).

4.3 Optimizing the Algorithm

We will now present improvements to the basic algo-
rithm which will slightly increase the per-tag processing
time, while provably ensuring that the only positions kept
track of at anytime are those that could potentially be an-
swers to the query. We will start by first describing the
procedure “prune” (in Figure 1) that prunes the stack after
every symbol is read.

Pruning the Stack. As the streaming algorithm simulates
the deterministic VPA Bf , the runs on some of the ∗-ed
positions will die. However, the basic algorithm will not
necessarily remove these positions from the stack; the al-
gorithm will remove a position i, whose run has died, only
when it comes back to the stack level where there is a sum-
mary recording position i. The procedure prune in the al-
gorithm in Figure 1 ensures that we remove all positions as
soon as their runs end. Here is the idea. Let the current
state be the set of summaries s and the top of the stack be
(s1, a). Consider a summary (r1, r2) ∈ s1. Let N(r2, a)
denote all the states r reached from r2 on reading the sym-
bol a. Now if there are no summaries of the form (r, r′) ∈ s,
where r ∈ N(r2, a) then we know that all runs that had a
summary (r1, r2) in the previous level have ended, and so
can be removed from the top of the stack (as well as all the
positions associated with (r1, r2)). After removing all un-
necessary summaries from the top of the stack, we can look
at the next level and so on. This is what procedure prune
does. The total time taken by prune is proportional to the
size of the stack which is at most O(m2d), where m is the
size of automata Af .

Pruning the stack after every symbol is processed en-
sures (proved later in this section) that starred positions i,
all of whose Af runs have died are no longer stored. How-
ever, the resulting algorithm may still store unnecessary po-
sitions. Consider a position i such that the word with ∗ at
i has a run in Af , but that run can never be extended to
an accepting run. Such positions will still be maintained
by our algorithm. We now present a technical construction
involving VPAs that allows us to address this issue.

Lemma 2. For any VPA A, there is VPA ValidPref (A)
such that L(A) = L(ValidPref (A)) and for any prefix u
of a well-matched word, ValidPref (A) has some execution
on u if and only if there exists v such that uv ∈ L(A). If m
is the size of A then ValidPref (A) has size at most m2.

Proof. See Appendix.

Our optimized algorithm is essentially the one in Fig-
ure 1 under the provision that the automaton Af it simu-
lates is the automaton ValidPref (Af ). In the rest of the
section we will prove its optimality. We start by an impor-
tant definition that allows us to characterize the algorithms
optimality.

Definition 3. Consider a document w = a1a2 · · · an. A
position i is said to be interesting at time k (i ≤ k) for query
f if there is some string v such that uv ∈ L∗(f), where
u = a1a2 · · · ai−1(ai, ∗) · · · ak, and there is some string
v′ such that uv′ 6∈ L∗(f). In other words, there is some
extension of the document after k tags such that position
i would be an answer to query f , though i may not be an
answer for all extensions. The set of all interesting positions
at k in w with respect to f will be denoted by If

k (w).

Lemma 3. Consider the streaming algorithm that performs
a deterministic simulation of the automaton ValidPref (Af )
and prunes the stack after reading every tag. If after read-
ing the string u, there is some summary (q, p) (or (p, p′, ∗))
such that i ∈ positions(q, p) (or i ∈ positions(p, p′, ∗))
then i is interesting at that point.

Proof. Consider the word v which is u with a star at po-
sition i, and let w0c1w1 · · · ckwk its unique decomposition
into unmatched open-tags and well-matched words. Let po-
sition i appear in the well-matched word wj (the same ideas
can be applied when i is one of the unmatched open-tags).
Since (q, p) was not pruned, it means there is a run of the
form q0

w0−−→ q1
c1−→ · · · q wj−−→ p · · · wk−−→ pn Further since

the algorithm is simulating ValidPref (Af ), it follows that
there is some v′ such that vv′ ∈ L∗(f). Since Af accepts
all prefixes u of L∗(f) such that all extensions of u are in
L∗(f), by definition i is interesting.

Analysis of the Algorithm. Pruning increases the per-
tag processing time to O(m2

1d), where m1 is the size of
ValidPref (Af ). However, the space requirements are prov-
ably less. Let i be the maximum over all k of |If

k (w)|.
The total space required is O(m2

1d log m1) (for stack) plus
O(im2

1 log n) (to store the positions). We know from
Lemma 2 that m1 is at most m2, which gives us the bounds
in terms of Af .

5 Conclusions

An interesting future direction will be to analyze our
algorithm’s query complexity for particular fragments of
XPath, and compare them with the best known upper
bounds in the literature.
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Querying XML documents is often followed by out-
putting parts of the document related to the query positions.
The algorithm can be extended to answer n-ary queries, and
will help in this regard. We plan to explore XML trans-
ducers based on VPAs that produce XML documents from
input streams.

There have been some recent results in minimizing visi-
bly pushdown automata [17, 9]. Though not efficiently min-
imizable in general, VPAs are minimizable when some part
of its modular structure is fixed in advance (for example, if
we decide to process each tag of document using separate
modules). We plan to revisit the problem of filtering XML
data against a large set of queries, and explore whether the
minimization results help in constructing faster algorithms.

In conclusion, we believe that visibly pushdown au-
tomata are a simple elegant model for processing XML doc-
uments, especially in streaming applications. We believe
the insights gained from their theory will result in design-
ing fast algorithms for processing XML. In this vein, an ef-
ficient implementation of the algorithm presented here for
querying streaming XML would be interesting.
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Appendix

Given: Af = (Q ∪ P, q0, Γ, δ, F ), a VPA accepting L∗(f)

Initial State: State = {q0, q0}, and Stack = ε

On reading a symbol a ∈ Σ̂
State ′ = ∅
case a = c ∈ Σ

push (State, a) onto stack

for each (r1, r2) ∈ State, γ ∈ Γ such that r2
c/γ−−→ r′

State ′ = State ′ ∪ {(r′, r′)}
for each (q1, q2) ∈ State , γ ∈ Γ such that q2

(c,∗)/γ−−−−→ p
State ′ = State ′ ∪ {(p, p, ∗)}
positions(p, p, ∗) = current position

case a = c ∈ Σ
pop (State1, c

′); if c′ 6= c stop processing and reject

for each (q, q1) ∈ State1, (q2, q3) ∈ State, γ ∈ Γ such that q1
c/γ−−→ q2 and q3

c/γ−−→ q′}
State ′ = State ′ ∪ {(q, q′)}

for each (p, p1) ∈ State1, (p2, p3) ∈ State, γ ∈ Γ such that p1
c/γ−−→ p2 and p3

c/γ−−→ p′}
State ′ = State ′ ∪ {(p, p′)}

for each (p, p1, ∗) ∈ State1, (p2, p3) ∈ State, γ ∈ Γ such that p1
c/γ−−→ p2 and p3

c/γ−−→ p′}
State ′ = State ′ ∪ {(p, p′)}
positions(p, p′, ∗) = positions(p, p1, ∗)

for each (q, p1) ∈ State1, (p2, p3) ∈ State, γ ∈ Γ such that p1
c/γ−−→ p2 and p3

c/γ−−→ p}
State ′ = State ′ ∪ {(q, p)}
positions(q, p) = positions(q, p) ∪ positions(q, p1)

for each (q, q1) ∈ State1, (q2, p3) ∈ State, γ ∈ Γ such that q1
c/γ−−→ q2 and p3

c/γ−−→ p}
State ′ = State ′ ∪ {(q, p)}
positions(q, p) = positions(q, p) ∪ positions(q2, p3)

for each (q, q1) ∈ State1, (p2, p3, ∗) ∈ State, γ ∈ Γ such that q1
(c,∗)/γ−−−−→ p2 and p3

c/γ−−→ p}
State ′ = State ′ ∪ {(q, p)}
positions(q, p) = positions(q, p) ∪ positions(p2, p3, ∗)

for each (q, q1) ∈ State1, (q2, q3) ∈ State, γ ∈ Γ such that q1
c/γ−−→ q2 and q3

(c,∗)/γ−−−−→ p}
State ′ = State ′ ∪ {(q, p)}
positions(q, p) = positions(q, p) ∪ current position

State = State ′

prune(Stack )
On reading the entire document, for each (q0, p) ∈ State with p ∈ F output positions(q0, p)

Figure 1. Streaming Algorithm for Querying
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A Translating Monadic Queries to query
VPA

The Invariant. Just before deciding whether to mark po-
sition i or not, P will be in configuration 〈p, d, m, σ〉 where
p = i. Observe that depending on the direction d and on
whether ai is an open-tag or a close-tag, the stack height
in this configuration will either be k or k − 1 (if ai ∈ Σ)
or k or k + 1 (if ai ∈ Σ). The direction d will be picked
to be so that the height is the minimum of the two possi-
bilities for symbol ai. The control state m will be of the
form 〈(q, γ),StackSym, B, S〉. To explain the intuition be-
hind the invariant, let us for now ignore the height differ-
ence between the words a1 · · · ai−1 and ai+1 · · · an; the in-
formation about the height difference will be captured by
StackSym precisely. The main idea is to ensure that (q, γ)
along with the stack σ is the configuration reached by Apop

on reading the word a1 . . . ai−1, while the set B consists of
all states q′ such that the word ai+1 · · · an is accepted from
the configuration (q′, σ) by the VPA A. Under these cir-
cumstances, the query VPA can very easily decide whether
position i is an answer to the query — if A on reading (ai, ∗)
can go from state q to some state in B, then position i must
be marked. In order to ensure that this invariant can be up-
dated as position i changes, the query VPA keeps compo-
nent S in control state m, and some additional information
in the stack σ.

The formal invariant maintained by the query VPA when
at position i is:

Case ai ∈ Σ: d will be right , StackSym (in control state
m) will be (Bk−1, Sk−1) and
σ = 〈qk−1, ck−1, Bk−2, Sk−2〉〈qk−2, ck−2, Bk−3, Sk−3〉
· · · 〈q1, c1, B0, S0〉, where

• ((q, γ), 〈qk−1, ck−1〉 · · · 〈q1, c1〉) is configuration
reached by Apop on reading a1 · · · ai−1

• B = {q′ | A accepts wkck · · ·w0 from
configuration(q′, 〈q, (ai, ∗)〉〈qk−1, ck−1〉 · · · 〈q1, c1〉)}

• S = {(q1, q2) | (q1, ε)
wk−−→A (q2, ε)}

• Bi = {q′ | A accepts wici · · ·w0 from
configuration (q′, 〈qi, ci〉 · · · 〈q1, c1〉)}, and

• Si = {(q1, q2) | (q1, ε)
wi−→A (q2, ε)}

Case ai ∈ Σ: d will be left , StackSym (in control state m)
will be a symbol γ′, and σ = 〈qk, ck, Bk−1, Sk−1〉
〈qk−1, ck−1, Bk−2, Sk−2〉 · · · 〈q1, c1, B0, S0〉, where

• ((q, γ), γ′〈qk, ck〉 · · · 〈q1, c1〉) is configuration
reached by Apop on reading a1 · · · ai−1

• B = {q′ | A accepts wkck · · ·w0 from
configuration (q′, 〈qk, ck〉 · · · 〈q1, c1〉)}

• S = {(q1, q2) | (q1, ε)
wk−−→A (q2, ε)}

• Bi = {q′ | A accepts wici · · ·w0 from
configuration (q′, 〈qi, ci〉 · · · 〈q1, c1〉)}, and

• Si = {(q1, q2) | (q1, ε)
wi−→A (q2, ε)}

Maintaining the Invariant. Initially the query VPA P
will simulate the VPA Apop on the word w from left to
right. Doing this will allow it to obtain the invariant for
position n. So what is left is to describe how the invariant
for position i− 1 can be obtained from the invariant for po-
sition i. Recall that the configuration of P at position i is
〈i, d, m, σ〉with m = 〈(q, γ),StackSym, B, S〉 and that the
word ai+1 · · · an can be written as wkck · · · c1w0. Let the
word aiai+1 · · · an be uniquely written as w′`c

′
` · · ·w′1c′1w′0

where w′is are well matched words, and c′is are the un-
matched close-tags. Depending on the symbol ai, ` will
either be k − 1 or k + 1. Let the configuration satisfying
the invariant at position i − 1 be 〈i− 1, d′,m′, σ′〉, where
m′ = 〈(q′, γ′),StackSym ′, B′, S′〉. It is very easy to en-
sure that the direction d′ is correct at position i − 1. The
computation of the new (q′, γ′) will require P to traverse
the word back and forth, and we will describe how this is
obtained in the next paragraph. We will now describe the
new values of all the remaining components in the configu-
ration. There are 4 cases to consider.

Case ai, ai−1 ∈ Σ: In this case ` = k − 1 with w′` =
aiwkckwk−1, c′i = ci and w′i = wi. Let StackSym =
(Bk−1, Sk−1) and StackSym ′ = (B′

k−2, S
′
k−2). We

know that |σ| = k − 1 and |σ′| = k − 2 in this case.
σ′ will be obtained from σ by just popping the top
of the stack symbol 〈qk−1, ck−1, Bk−2, Sk−2〉 of σ.
B′

k−2 and S′k−2 in StackSym ′ are nothing but Bk−2

and Sk−2 that are popped from σ. Finally B′ and S′

are defined as follows:
S′ = {(q1, q2) | q1

ai/γ1−−−→A q′1, (q
′
1, q

′
2) ∈ S,

q′2
ck/γ1−−−→A q3 and (q3, q2) ∈ Sk−1}

B′ = {q1 | (q1, q2) ∈ S′, q2
ck−1/(q′,(ai−1,∗))−−−−−−−−−−−−→A q3

and q3 ∈ Bk−2}
Above, q′ is figured out by back and forth traversal that
is described later.

Case ai ∈ Σ, ai−1 ∈ Σ: In this case ` = k − 1 with w′` =
aiwkckwk−1, c′i = ci and w′i = wi. Let StackSym =
(Bk−1, Sk−1). We know that |σ| = |σ′| = k − 1 in
this case and σ′ will be same as σ. StackSym ′ will
be symbol γ, the stack symbol in the state of Apop at
position i. Finally B′ and S′ are defined as follows:
S′ = {(q1, q2) | q1

ai/γ1−−−→A q′1, (q
′
1, q

′
2) ∈ S,

q′2
ck/γ1−−−→A q3 and (q3, q2) ∈ Sk−1}

B′ = {q1 | q1
ai/γ1−−−→A q′1, (q

′
1, q

′
2) ∈ S, q′2

ck/γ1−−−→A q3

and q3 ∈ Bk−1}
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Case ai, ai−1 ∈ Σ: In this case ` = k + 1 with w′` = ε,
c′` = ai, and c′j = cj , w′j = wj for j ≤ k.
Let StackSym = γ1. The new StackSym ′ will
be γ, where (q, γ) is the state reached by Apop on
a1 · · · ai−1. Next, |σ| = k and |σ′| = k + 1; the
new additional symbol to be pushed onto the stack
(γ1, B, S). Finally, S′ = {(q1, q1) | q1 ∈ Q} and

B′ = {q1 | q1
ai/γ−−−→A q2 and q2 ∈ B}

Case ai ∈ Σ, ai−1 ∈ Σ: In this case ` = k+1 with w′` = ε,
c′` = ai, and c′j = cj , w′j = wj for j ≤ k. Let
StackSym = γ1. In this case |σ| = |σ′| = k and so
σ′ = σ. The new StackSym ′ will be (Bk, Sk), where
Bk = B and Sk = S. Finally, S′ = {(q1, q1) | q1 ∈
Q} and

B′ = {q1 | q1
ai/(q′,(ai−1,∗))−−−−−−−−−−→A q2 and q2 ∈ B}

where q′ is the new state computed by traversing back
and forth (described next).

B Translating query VPA to monadic queries

We now show the converse direction: For any query VPA
A, there is an MSOν formula ϕ(x) which defines the same
query that A does.

Let A be a query VPA. We will translate the query A de-
fines into an MSOν formula by translation through several
intermediate stages.

Let f be the query defined by the query VPA A. We
first construct a two-way (non-marking) VPA B that accepts
the starred-language of f . B accepts a word w with a ∗ in
position i if and only if i ∈ f(w). Constructing B is easy. B
simulates A on a word w with a ∗ in position i and accepts
the word if A reaches position A in a marking state. B
also ensures in a first run over the word that the word has
a unique position that is marked with a ∗. The language
accepted by B is L∗(f), the starred-language of f .

Any nested word w can be represented as a tree called a
stack tree. A stack tree is a Σ̂ binary tree that has one node
for every position in w, and the node corresponding to po-
sition i is labeled by w[i]. The stack tree corresponding to a
word w is defined inductively as follows: (a) if w = ε, then
the stack tree of w is the empty tree, and (b) if w = cw1cw2,
then the stack tree corresponding to w has its root labeled
c, has the stack-tree corresponding to w1 rooted at its left
child, the right child is labeled c which has no left child, but
has a right child which has the stack-tree corresponding to
w2 rooted at it.

We now show that the set of stack-trees corresponding
the starred words accepted by B can be accepted using a
pushdown tree-walking automaton [16]. A pushdown tree-
walking automaton works on a tree by starting at the root

and walking up and down the tree, and has access to a stack
onto which it always pushes a symbol when going down the
tree and pops the stack when coming up an edge. Note that
the height of the stack when at a node of the tree is hence
always the depth of the node from the root. From B, we
can build a tree-walking automaton C that reads the tree
corresponding to a starred word, and simulates B on it. C
can navigate the tree and effectively simulate moving left
or right on the word. When B moves right reading a call
symbol, C moves to the left child of the call and pushes the
symbol B pushes onto its stack. When B moves right to
read the corresponding return, C would go up from the left
subtree to this call and pop the symbol from the stack and
use it to simulate the move on the return. The backward
moves on the word that B makes can also be simulated: for
example, when B reads a return and moves left, C would
go to the corresponding node on the left-subtree of the call
node corresponding to the return, and when doing so push
the appropriate symbol that B pushed onto the stack. When
C moves down from an internal or return node, or from a
call node to the right, it pushes in a dummy symbol onto the
stack.In summary, whenever B is in a position i with stack
γ1 . . . γk, C would be reading the node corresponding to i in
the tree, and the stack would have γ1 . . . γk when restricted
to non-dummy symbols.

It is known that pushdown tree-walking automata pre-
cisely accept regular tree languages. Hence we can con-
struct an MSO formula on trees that precisely is true on
all trees that correspond to starred words accepted by B.
This MSO formula can be translated to MSOν ψ on nested
words, which is true on precisely the set of starred nested
words that B accepts. Assuming x is not a variable in ψ,
we replace every atomic formula of the form Q(a,∗)(y) (the
atomic formula checking whether position y is labeled a
and is starred) by the formula x = yQa(y), to get a formula
ϕ(x), with a free variable x. Intuitively, we replace every
check the formula does for a starred label by a check as to
whether that position is x. It is easy to see then that the
formula ϕ(x) is an MSOν formula on Σ̂-labeled (unstarred)
nested words, which precisely defines the query defined by
B, and hence the original query VPA A. This concludes the
proof.

C Querying algorithm: Details

Construction of deterministic VPA in
Lemma 1

The determinized automata is formally defined as fol-
lows.

1. S = 2Q×Q ∪ 2Q×P ∪ 2P×P ∪ 2P×P×{∗}

2. s0 = {(q0, q0)}
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3. δ′open is as follows: On reading a ∈ Σ in state s1, we
will push the pair (s1, a) and go to state s2, where s2

is the union of sets

(a) {(r′, r′) | ∃(r1, r2) ∈ s1, γ ∈ Γ s.t. r2
a/γ−−→Af

r′}
(b) {(p, p, ∗) | ∃(q1, q2) ∈ s1, γ ∈

Γ s.t. q2
(a,∗)/γ−−−−→Af

p}.

4. δ′close is as follows: On reading a ∈ Σ in state s1 with
(s2, a) on top of the stack, we go to state s3 that is the
union of the following sets.

(a) {(q, q′) | ∃(q, q1) ∈ s2, (q2, q3) ∈ s1, γ ∈
Γ s.t. q1

a/γ−−→Af
q2 and q3

a/γ−−→Af
q′}.

(b) {(p, p′) | ∃(p, p1) ∈ s2, (p2, p3) ∈ s1, γ ∈
Γ s.t. p1

a/γ−−→Af
p2 and p3

a/γ−−→Af
p′}.

(c) {(p, p′, ∗) | ∃(p, p1, ∗) ∈ s2, (p2, p3) ∈ s1, γ ∈
Γ s.t. p1

a/γ−−→Af
p2 and p3

a/γ−−→Af
p′}.

(d) {(q, p) | ∃(q, p1) ∈ s2, (p2, p3) ∈ s1, γ ∈
Γ s.t. p1

a/γ−−→Af
p2 and p3

a/γ−−→Af
p}.

(e) {(q, p) | ∃(q, q1) ∈ s2, (q2, p3) ∈ s1, γ ∈
Γ s.t. q1

a/γ−−→Af
q2 and p3

a/γ−−→Af
p}.

(f) {(q, p) | ∃(q, q1) ∈ s2, (p2, p3, ∗) ∈ s1, γ ∈
Γ s.t. q1

(a,∗)/γ−−−−→Af
p2 and p3

a/γ−−→Af
p}.

(g) {(q, p) | ∃(q, q1) ∈ s2, (q2, q3) ∈ s1, γ ∈
Γ s.t. q1

a/γ−−→Af
q2 and q3

(a,∗)/γ−−−−→Af
p}.

5. F ′ = {s | ∃(q0, p) ∈ s s.t. p ∈ F}.

Proof of Lemma2

Lemma2. For any VPA A, there is VPA ValidPref (A)
such that L(A) = L(ValidPref (A)) and for any prefix u
of a well-matched word, ValidPref (A) has some execution
on u if and only if there exists v such that uv ∈ L(A). If m
is the size of A then ValidPref (A) has size at most m2.

Proof. It is well-known that for any PDA P , there is
a NFA Config(P ) such that Config(P ) accepts a string
γ0γ1 · · · γkq iff P cannot reach an accepting state from the
configuration (q, γkγk−1 · · · γ0) (γ0 is the bottom of the
stack). In addition, Config(P ) has the same number of
states as P , and can be constructed in cubic time.

The idea behind ValidPref (A) can now be explained
easily. ValidPref (A) will simultaneously simulate both
A and Config(A) as it is reading the document, ensur-
ing that at any point, the state of Config(A) is the state
reached on reading the current stack contents of A. This

can be achieved as follows. When A pushes a symbol,
ValidPref (A) will simulate Config(A) on the symbol that
A pushes, and at the same time push onto its stack both the
symbol that A pushes and the old state of Config(A). When
A pops, ValidPref (A) will pop the state of Config(A) on
the stack and continue the simulation of Config(A) from
the popped state. If at any point the simulation of A reaches
a control state q such that Config(A) accepts q from the cur-
rent state, then ValidPref (A) will terminate that run. The
formal definition of ValidPref (A) based on these ideas is
skipped in the interests of space.

D Comparison with query automata on un-
ranked trees

Neven and Schwentick [22], define an automaton model
on trees, called generalized deterministic two-way tree au-
tomata (G2DTA), as follows. Consider a partition of Q×Σ
into two sets U and D, where Q is the set of (finitely many)
states of the automaton, and Σ is the alphabet labeling the
input tree. Further let Uup and Ustay be a partition of the
set U∗. G2DTA are defined to be tree automata with three
types of transitions.

Down transitions δ↓ : D × N → Q∗ such that for each i,
δ↓(q, a, i) (for (q, a) ∈ D) is a string of length i. Thus,
when the automaton is in state q at a vertex v labeled
a with i children, in the next step the automaton could
go down in the tree, and the states at v’s children is
given by the string δ↓(q, a, i). It is assumed that for
each (q, a) ∈ D the language {δ↓(q, a, i) | i ∈ N} is
regular.

Up Transitions δ↑ : Uup → Q such that for each q ∈ Q,
{w ∈ Uup|δ↑(w) = q} is regular. When the automaton
is at each of the children of a vertex v such that the
string formed by state-symbol pairs at the children is
w ∈ Uup, the automaton moves up to the vertex v in
state δ↑(w).

Stay Transitions δ− : Ustay → Q∗ is a length preserv-
ing function that is computed by a two-way finite state
transducer. When the automaton is at each of the chil-
dren of a vertex v such that the string formed by state-
symbol pairs at the children is w ∈ Ustay , the automa-
ton simultaneously changes state at each of the chil-
dren of v to that given by the string δ−(w).

In addition, G2DTA is equipped with a selection function
that allows it to select certain vertices of an unranked tree
as answers to a query. We skip the formal definition of these
automata, and the reader is referred to [22].

Through a couple of facts, Neven and Schwentick high-
light the subtle role stay transitions play. First they show
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that if we consider two-way tree automata models without
stay transitions then these are not as expressive as MSO
queries on unranked trees. Next they show that G2DTA as
defined above are much more expressive than MSO. In fact,
G2DTA are equivalent in expressive power to linear space
bounded Turing Machines.

Thus, in order to achieve MSO expressiveness, Neven
and Schwentick define a restricted automaton model called
strong two-way deterministic tree automata (S2DTA),
which are G2DTA with the restriction that on any input tree,
at most one stay transition is executed at the children of each
node. This is a non-trivial semantic restriction and can be
shown to EXPTIME-complete to check.

Our proof of that query VPA are exactly equi-expressive
to unary MSO query, though it uses similar techniques, does
not seem directly obtainable from Neven and Schwentick’s
result. We will now outline the challenges in constructing a
direct translation between query VPA and S2DTAs. How-
ever, before doing so, we first define how an unranked tree
can be associated with any well-matched word. Define a
simple well-matched word to be any word of the form cwc,
where c ∈ Σ and w is any well-matched word. Given a sim-
ple well-matched word w = cw1w2 · · ·wkc, where each wi

is again a simple nested word, tree(w) is a tree whose root
is labeled by (c, c) and has k children, where the i-th child
is tree(wi), defined inductively.

Query VPA to S2DTA

Let us first consider the challenges in translating query
VPA to S2DTA. Consider the execution on an input word
BwC, and let us for simplicity assume that tree(w) is such
that every node (other than the leaves) have at least two
children. Suppose the query VPA A is in configuration
〈p, d, q, s〉, and let v be the vertex in tree(w) corresponding
to position p. One natural way for the S2DTA T to encode
the state q and stack s = γ1 · · · γk is as follows. The state
of T at v would be q, and stack itself would be stored as the
“state” of T at a particular sibling of each of the vertices
along the unique path from the root to v; note that our tree
encoding will ensure that v is at depth k, and so this is well
defined.

Now let us consider maintaining this invariant as the
query VPA takes various transitions. If A moves right
while reading an open-tag, then that corresponds to mak-
ing a down transition in the S2DTA T . However, consider
moving right while reading a close-tag. Now if the close-
tag c corresponds to a vertex that is the rightmost child of its
parent, then such a right move corresponds to moving up in
the tree. On the other hand, if the vertex corresponding to c,
say v, is not the rightmost child, then in the S2DTA we are
required to “move” to v’s right sibling. There is no way to
accomplish this by an up and then a down transition (which

is why Neven and Schwentick needed stay transitions). The
only way to achieve this is using a stay transition. However
then the translation from A to T will result in a G2DTA
that is not an S2DTA, as there is no a priori way to bound
the number of right moves over non-rightmost close-tags!

S2DTA to Query VPA

Let us now consider the other direction of the transla-
tion. First observe that the S2DTA being a tree automaton,
allows an “inherent” non-determinism — at a configuration,
the automaton can either choose to move down from a ver-
tex or execute an up/stay transition at a set of vertices, if
such a transition is enabled. On the other hand, a query
VPA has a very deterministic left-right and right-left way
to process a word. Thus, for a translation from S2DTA to
query VPA to work, we will require to prove that we can al-
ways restrict our attention to runs of the S2DTA, where the
left-most enabled transition is always taken first; in a con-
figuration c of the S2DTA, a left-most enabled transition is
either a down transition at a vertex v, such that all vertices
to the left of v in the configuration are waiting for an up/stay
transition, or is an up/stay transition at v such that all of v’s
siblings are also ready to execute the up/stay transition, and
no vertex to the left of v in the configuration has an enabled
transition.

Let us assume for now that such a proposition, allow-
ing us to only consider such restricted runs of the S2DTA,
can be proved. Let us consider the various transitions of
the S2DTA and see how they can be simulated on the query
VPA. Suppose the left-most enabled transition is a down
transition δ↓(q, a, i) at v. The VPA cannot simultaneously
go to all the children of v, but rather only “moves” to the
leftmost subtree of v. Now if the observation about left-
most enabled transitions hold, then in the query VPA, we
can process the left-most subtree until we need to execute
an up/stay transition, and then move to the next sibling and
so on. The first challenge to overcome is how and where
can we store the string δ↓(q, a, i) so that after the left-most
child is processed, we can proceed with the original down
transition at the next sibling. The key idea is this. Note
that the string δ↓(q, a, i) is computed by a one-way finite
automata (on words) (sayAδ↓). Therefore, we can push the
state of Aδ↓ after it produces the first symbol (which is the
state at the left-most child of v) onto the stack, process the
left-most subtree, and use the pushed state later on to gen-
erate the next symbol of δ↓(q, a, i) and so on. We can do a
similar trick for the up transitions. Once again observe that
since {w ∈ Uup | δ↑(w) = q} is regular, we can assume
we have one-way automata Aq for all these languages. So
when we need to execute an up transition at v, after pro-
cessing the subtree rooted at v, we first push the state of all
these Aq automata before processing the subtree rooted at
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the next sibling of v. We continue in this fashion until all
the siblings of v are ready to execute the up transition. At
this point the states of the automataAq that we have pushed
can be used to determine the state q at the parent of v after
the up transition is executed, which corresponds to moving
right in the word.

Assuming the ideas outlined in the previous two para-
graphs can be carried out technically, we run into the main
road-block that does not seem to have any solution, namely,
stay transitions. A stay transition δ− : Ustay → Q∗ is com-
puted by a two-way transducer, which means that we need
to make multiple passes over that state-symbol pairs at each
sibling in order to determine the new states at each node.
This requires storing the state-symbol string in a tape with
two-way access, and there is no such storage available to
the query VPA. Our trick of using the stack to dynamically
compute as in the case of down and up transitions no longer
works here.
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